We use the information present in a bipartite network to detect cores of communities of each set of the bipartite system. Cores of communities are found by investigating statistically validated projected networks obtained using information present in the bipartite network. Cores of communities are highly informative and robust with respect to the presence of errors or missing entries in the bipartite network. We assess the statistical robustness of cores by investigating an artificial benchmark network, the co-authorship network, and the actor-movie network. The accuracy and precision of the partition obtained with respect to the reference partition are measured in terms of the adjusted Rand index and of the adjusted Wallace index respectively. The detection of cores is highly precise although the accuracy of the methodology can be limited in some cases.
I. INTRODUCTION
Community detection in networks [1, 2] is one of the major research areas in network science [3, 4] . Community detection in networks (also called network clustering) is performed with a variety of methods because there are no universal protocols on basic aspects of the problems [1] . It is therefore important to point out aspects of community detection approaches that are informative with respect to the robustness and reproducibility of the results obtained with most popular community detection algorithms.
One of the most popular community detection method is the one based on modularity optimization. Modularity is a quality function introduced in ref. [5] . Several community detection algorithms maximizing this quality function have been proposed. One of the most widespread ones is the so-called Louvain algorithm [6] that is highly efficient in clustering large networks.
Community detection performed with modularity optimization is relatively simple, practical and efficient but it also presents some limitations. In fact, it is well known that modularity optimization presents a resolution limit [7] . Moreover, the approaches of modularity optimization adopting suitable multiresolution versions of it [8, 9] are in most cases not able to fully solve the problem [10] . In practical cases modularity optimization can detect partitions characterized by very close modularity values, and these partitions can disagree in the composition of the largest modules and in the distribution of module size [11] . Several of these partitions associated with degenerate solutions can be poorly correlated the one with each other [12] .
It is therefore of interest to assess which part of the partitions is more robust with respect to the limitations of the methodology and with respect to the potential unknowns and errors present in real data. Community detection is performed in several types of networks. In most common case all nodes of the network are of the same type and are connected by binary or weighted links. Bipartite networks are networks where nodes can be divided into two sets, say A and B, and links connect nodes of the different sets only. In the investigation of bipartite networks, as for example an actor-movie network or an author scientific paper network, the customary approach is to project the bipartite network to obtain a network of nodes of the same type (for example a network of movies in the case of the actor-movie network). Community detection is usually performed in projected networks although it can also be performed in bipartite networks directly [13, 14] . The information present in a bipartite network is richer than the information transferred in the two corresponding projected networks. Therefore the investigation of properties of community detection in projected networks originating from a bipartite network can be informative about the reliability and robustness of the partitions obtained.
Recent studies have considered the statistical reliability of community detection in networks [15] [16] [17] . In this paper we investigate (i) the degree of informativeness, and (ii) the robustness to incompleteness and accuracy of the links of the bipartite network, of partitions obtained by performing modularity optimization in projected networks. Specifically, we show that the use of the concept of statistically validated network [18] is useful to reveal subsets of nodes that defines cores of partitions of projected networks with a high degree of precision. The cores of partitions are statistically well defined, highly informative, and robust to incompleteness and errors of the bipartite system. The paper is organized as follows. In Sect. II we briefly describe the community detection procedure and we describe the generation of an artificial benchmark network. Sect. III discusses the concept of statistically validated network. In Sect. IV we present the two main indicators used to compare partitions. Sect. V presents the results obtained with an artificial benchmark network whereas Sect. VI presents the results obtained with two real networks. Sect. VII concludes.
II. ARTIFICIAL BENCHMARK NETWORK
In the present study we focus on the community detection of a weighted projected network obtained from a bipartite network. We consider a community detection algorithm based on the maximization of modularity quality function. Modularity [5, 19] is defined as
where A ij is the weighted adjacency matrix, w i = j A ij is the strength of node i, 2m = i,j A ij , and c i indicates the membership of community i. The weights of the projected networks that we are using in the present study are sometime called simple weights. For a pair of nodes i and j of set A of a bipartite network they are defined as the number of common neighbors of set B [34] . We first illustrate our approach by considering an artificial benchmark network. Specifically, we generate a bipartite network with a well defined community structure as follows. Let q be an integer defining the number of communities present in the artificial benchmark, and {s We want to investigate the effect of missing or misclassified links in community detection. We therefore simulate artificial benchmark networks affected by missing or misclassified links to various degree. Specifically, for each bipartite clique of the network, our artificial benchmark network is obtained by connecting nodes of set A to nodes of set B with probability p c , i.e. with a given probability of coverage of links ranging from 0 to 1. The parameter p c therefore controls the degree of completeness of links present in the bipartite network. With this choice, the parameter p c also controls the density of the links of the bipartite network. This first procedure of the benchmark generation leads to q disjoint bipartite components of the bipartite network (see panels a) and b) of Fig. 1 were we show an example of the artificial benchmark network generated with q = 5, S A = 5, S B = 16, and p c = 1).
With the aim of modeling possible sources of randomness or errors present in datasets describing a real system, a second step in the generation of the artificial benchmark network is to randomize the bipartite network by using the following procedure. Let us call p r the probability that a link is misplaced due to some randomness or error. For each node i of set A with k i links p r k i links are on average selected and randomly linked to nodes of set B avoiding multiple links. The probability p r is therefore quantifying the uncertainty added to the generated artificial benchmark network. In the limit case when p r = 0 one gets back a network without errors. In the opposite limit of p r = 1 one obtains a completely random bipartite network which has no relationship with the underlying community structure. In panel c) of Fig. 1 we show an artificial benchmark network characterized by q = 5, S A = 5, S B = 16, p c = 1, and p r = 0.2.
III. STATISTICALLY VALIDATED NETWORKS
Several studies have recently selected a subset of links of a network on the basis of a statistical test considering a well defined null hypothesis [18, [20] [21] [22] [23] . These subsets have been called statistically validated networks [18] . In this study, we filter the projected networks by using the approach of statistically validated networks introduced in [18] and we use the filtered networks to select cores of communities present in the investigated network. Specifically, we perform a statistical test for each link of a projected network. A link between node i and node j is included in the projected statistically validated network when we reject a statistical test assuming a null hypothesis of random linking between node i and node j having a degree k i and k j in the original bipartite network respectively. Specifically, the null hypothesis is rejected if the weight of the link in the projected network, i.e. the number of common neighbors of nodes i and j of set A in the set B is higher and not statistically compatible with the expected value k i k j /N B , where k i and k j are the degree of nodes i and j in the bipartite network and N B is the number of nodes of set B.
By mapping this problem into a urn problem it is possible to write down the probability of observing x common neighbors of nodes i and j in set A under the null hypothesis of random connection preserving the heterogeneity of degree of nodes of set B. The probability of observing x common neighbors between nodes i and j is given by the hypergeometric distribution
Starting from this probability, it is possible to perform a one-side statistical test and assign a p-value that determines the presence of a statistically validated link between a pair of nodes i, j having k ij neighbors or more as
By performing the statistical test on all pairs of nodes of the projected network we are doing a multiple hypothesis test comparison. Multiple hypothesis test comparisons need a multiple hypothesis test correction to control the level of false positives. The most restrictive multiple hypothesis test correction is the Bonferroni correction [24] performed by setting the statistical threshold as α B = α/N t = 0.01/N t , where α is the chosen univariate threshold (in our case 0.01) and N t = N A (N A − 1)/2 where N A is the number of nodes of set A.
The Bonferroni correction minimizes the number of false positive but often does not guarantee sufficient accuracy (usually it provides a large number of false negative). The procedure controlling the false discovery rate (FDR) [25] reduces the number of false negative by controlling the expected proportion of rejected null hypothesis without significantly expanding the number of false positive. The control of the FDR is realized as follows: p-values from all the N t tests are first arranged in increasing order (p 1 < p 2 < ... < p k < ... < p Nt ). Starting from the the highest p-value one controls the inequality p i ≤ i α B . If this inequality is first verified for a value k * all tests characterized by k ≤ k * are rejected. In the present study we use both the Bonferroni correction and the FDR correction.
IV. COMPARING DIFFERENT PARTITIONS
In the following sections we compare pair of partitions of linked nodes of a projected network. We use for our comparison two widely used indicators. The first is the adjusted Rand index and the second is an adjusted version of a Wallace index. In other words, the comparison is done by considering adjusted versions of the accuracy and precision of the detection of pairs of nodes in a given partition compared with a reference partition. In our comparison the number of true positive (TP) pairs is the number of pairs of nodes being in the same community both in the considered and in the reference partition. The number of false positive (FP) pairs is the number of pairs of nodes being in the same community in the considered partition but in different communities in the reference partition. A pair of nodes is classified as true negative (TN) pair when each node of the pair does not belong to the same community both in the considered partition and in the reference partition. Lastly, a pair of nodes is classified as false negative (FN) pair when each node of the pair does not belong to the same community in the considered partition whereas both nodes belong to the same community in the reference partition.
The Rand index [26] is essentially the accuracy of the pair classification and it is defined as
The RAND index varies between zero (absence of any accuracy in the considered partition) and one (total accuracy in the partitioning). However, also in the presence of random partitioning a certain degree of accuracy can be obtained by chance. To take into account this possibility and adjusted version of the RAND index has been introduced [27] . The adjusted Rand index (ARI) is defined as
where E [T P + T N ] is the expected value of the true pair classifications estimated between a random partition and the reference partition. For a random partition compared with another partition the value of the ARI is on average close to zero. Negative values of the index describe cases where the membership of the two partitions is more different than in a random case. By considering a set N elements, and two partitions of these elements X = {X 1 , X 2 , . . . , X r } and Y = {Y 1 , Y 2 , . . . , Y s }. By defining n ij as the number of elements in common between partition X i and Y j , the ARI can also be written as
The precision of the pairwise classification is defined as
When two memberships are compared pairwise the precision is usually addressed as one of the Wallace indices [28, 29] . Also for the case of the Wallace index one can consider an adjusted version of it. Hereafter we provide the definition of an adjusted version of the Wallace index that we call adjusted Wallace index (AWI)
where
It is worth noting that the AWI is varying between −∞ and one. A high value of the AWI indicates a high precision in selecting pairs of nodes that are belonging to the same community as defined in the reference partition. In have pairs of nodes that are always contained in communities of the reference partition (labeled with boxes) and therefore the AWI is equal to one. In panel b) the membership of pairs of nodes of communities (colors) of the considered partition are only partially contained in communities of the reference partition (boxes). For example the red nodes are primarily in the bottom left box but two of them are with the largest and the second largest community in the reference partition respectively. In this second example the AWI is equal to 0.88 indicating a high but not perfect precision of the membership of pairs of nodes in the considered partition. In panel c) the considered partition (colors) is quite different from the reference partition (boxes) and almost all boxes contain nodes of all colors. In this last case the AWI is close to zero (AWI=0.03), i.e. the value of the adjusted Wallace index is close to the one expected under a random distribution of nodes in the considered partition (colors).
V. RESULTS ON AN ARTIFICIAL BENCHMARK
We investigate the artificial network benchmark described in Section II by performing community detection on a projected network of it. Specifically, the community detection is performed on three different networks all of them obtained starting from the same bipartite network. The first is the weighted projected network (we address this network as the Full network connoting with this name the fact that for this network we are considering all links obtained from the projection). The second network is a statistically validated network obtained with the procedure described in Section III when the multiple hypothesis test correction is the Bonferroni correction. We address this network as the Bonferroni network. The third one is the statistically validated network obtained with the control of the FDR correction. We address this third type of network the FDR network. The Bonferroni network is a subgraph of the FDR network that is a subgraph of the Full network. For all three networks we perform a community detection by using modularity optimization. Specifically we use the Louvain algorithm [6] and we analyze the partition associated with the highest value of modularity. It is worth noting that the role of the community detection algorithm is different for the Full network and for the SVNs. This is due to the fact that SVNs take the form of a large number of disconnected components and therefore for these networks the community detection algorithm is effective only on the largest of them.
To take into account the stochastic nature of the algorithm and to verify the reproducibility of the obtained results we apply several times the algorithm by using a different initializing node sequence. With this approach the output of the Louvain algorithm is stochastic and different partitions can be obtained for different runs of the algorithm. In Fig. 3 we show the ARI and AWI measured between the partition obtained by performing community detection of the three type of projected networks and the reference partition. Different versions of the benchmark were obtained by setting S A = 50, S B = 50, p c = 0.8, q = 50 and several values of p r ranging from 0.3 to 0.9 in steps of 0.025. In the top panel of Fig. 3 we show the ARI as a function of the probability of misplacement p r of a link in the bipartite network. For the full network (green symbols) the ARI is close to one for low values of p r and starts to decreases for values of p r greater than 0.4. The ARI reaches values close to zero when p r is greater than 0.9. The misclassification of the community detection procedure is due to the fact that the algorithm is not able to detect all communities of the reference partition due to the random rearrangement of links. Specifically, for high values of p r the errors done by the community detection algorithm concern the merging of some communities of the reference partition.
A similar pattern of success is observed for the partitions obtained with SVNs. In fact, for the FDR network (red symbols) we observe a value of the ARI close to one for low values of p r and close to zero for high values of it. It is worth noting that for the specific parameters of the benchmark there is an interval of p r (0.5 ≤ p ≤ 0.7) where the ARI of the FDR network is higher than the corresponding ARI value of the Full network. The Bonferroni network has an analogous pattern but the decrease of the ARI is observed for smaller values of p r (p r ≈ 0.5). It is worth noting that the reason of the decrease of the ARI for the FDR and the Bonferroni network is completely different from the one of the Full network. In fact for the partitions of these SVNs the ARI decreases because the statistical test loses power, the number of links decreases, and the number of isolated nodes increases as a function of p r . This implies that the number of disconnected subgraphs (present in the SVNs and/or detected by the Louvain algorithm) increases while the number of nodes connected decreases.
The bottom panel of Fig. 3 shows the AWI for the three types of networks. For the Full network, the pattern of the AWI is similar to the pattern of the ARI. It starts very close to one and decreases to zero starting from p r ≈ 0.4. The behavior of the AWI of the SVNs is quite different supporting our previous conclusion that the reasons underlying the ARI behavior observed for the SVNs are different from the ones of the Full network. In fact AWI remains very close to 1 for high values of p r until abruptly reach zero when the SVNs becomes empty networks, i.e. all the nodes are isolated. In other words the precision of classification of pairs of nodes is always high for SVNs and the problem they have in providing informative partitions for high values of p r is not precision but rather accuracy. All the partitions provided by applying community detection to SVNs are statistically precise but the level of accuracy progressively decreases in the presence of high levels of link misplacements.
So far we have investigated the role of the link misplacement in the detection of communities of the artificial benchmark. Another cause of difficulty in community detection in real system can originate by insufficient cov- Fig. 4 shows that the ability of the community detection algorithm to correctly detect reference communities of the benchmark decreases by decreasing p c both for the Full network and also for the SVNs. However also in this case the reason for this failure is different for the two approaches. In the case of the Full network the algorithm fails to detect the correct partition because it progressively merges several communities when p c decreases. On the other hand, the major problem observed for the partitions obtained from SVNs is due to the fact that accuracy of the statistical validation decreases for values of p c lower than 0.7. In fact panel (b) of Fig.  4 shows that for SVNs the AWI is always very close to one and therefore the failure is not due to a problem of precision but rather of accuracy as previously observed in the investigations of the artificial benchmark network performed as a function of p r . In summary, both as a function of p r and as a function of p c the partitions observed with the approach of SVNs are partitions which are very precise in classifying the membership of pairs of nodes although they might present a poor accuracy in the presence of high values of p r or low values of p c . The membership obtained by investigating the SVNs can therefore be seen as statistically validated cores of the communities present in a given network.
A software generating artificial benchmark networks, calculating statistically validated projected networks in bipartite systems, and estimating AWI is accessible at the web page [30] .
VI. REAL NETWORKS
We also investigate two widely studied real bipartite networks. The first is the bipartite network of authors and papers obtained analyzing the cond-mat archive [31] . The second is the classic bipartite network of actors and movies obtained by using information present in the international movie data base (IMDB).
Co-authorship network
We first investigate the co-authorship bipartite network. This bipartite network was constructed by Mark Newman by considering preprints posted in the condensed matter section of the arXiv E-Print Archive between 1995 and 1999. The dataset is available at the web page https://toreopsahl.com/datasets/ and it consists of 16726 authors and 22015 papers. Our analysis is limited to the largest connected component of 13861 authors and 19466 papers. We project the bipartite network to obtain the projected network of authors. We also estimate the FDR SVN of authors. The Full network has 44619 links and the FDR network has 7768 links. We perform on them community detection with the Louvain algorithm. For each network, the community detection is performed by applying the algorithm 1000 times with different initial conditions.
The 1000 partitions obtained for the Full network have modularity ranging from 0.864 to 0.867. To investigate the degree of similarity among partitions of top values of modularity we select partitions with modularity higher then the one of the 99 percentile of the 1000 best outputs of Louvain algorithm. Specifically, we select 10 out 1000 partitions of highest modularity. We then estimate the ARI between all distinct pairs of these 10 partitions. These 45 pairs have an average mutual ARI of 0.65 with values ranging between the value of 0.59 (minimum) and 0.71 (maximum). As already noted in different investigations [11, 12] these partitions are quite different the one from the other in spite of the fact that the modularity of partitions is almost identical (bounded within the interval 0.8666, 0.8670). We obtain a quite different result when we consider the top 10 partitions obtained by performing community detection in the FDR SVN. In fact these 10 partitions are the same and the ARI among all of them is just one. It worth noting that the FDR partition is not fully contained in any partition obtained from the Full network. In fact the interval of the AWI index of the FDR with respect to the Full partition is quite far from one and it is covering a relatively limited interval of values (0.57, 0.66).
By investigating the SVNs we therefore are able to extract cores of the communities that are statistically robust. These cores are also quite stable with respect to errors that might be present in the database. To make explicit this point we add some noise in the database by modifying it in a similar way to what we do with our artificial benchmark when we use values of p r different from zero. In panel (a) of Fig. 5 we show the ARI between the best partition of the Full, that we label as G0, and 100 best partitions, that we label as Gn and that are obtained for each values of p r ranging from 0.05 to 0.3. In the same panel we also show the results of an analog investigation performed for the FDR SVN. The partitions obtained from FDR SVNs are always significantly more robust to noise than the ones obtained by performing community detection in the Full network. In panel (b) of Fig. 5 we show the AWI for the same numerical investigations. It is worth noting that the cores of communities detected by investigating the FDR SVN show a decrease of similarity (i.e. ARI values) with the uncorrupted partition G0 not due to decrease of precision but rather due to decrease of accuracy. In fact the AWI of FDR does not go below 0.85 for all values of p r whereas we observe values of the AWI as low as 0.1 of the partitions obtained from the Full network when p r = 0.3. In other words the informativeness of the detected cores of communities is robust with respect to noise added to the database. This behavior is similar to what we have observed for the artificial benchmark.
IMDB
The second dataset we investigate is the classic bipartite system of actor and movies [32] . We have downloaded data about this system from the international movie data base (IMDB) (http://www.imdb.com/ interfaces). From the information recorded in the database we obtain several bipartite networks. A link between an actor and a movies is considered if the actor played in that movie during a selected period of time. For our study we select all movies present in the database during the time period from 1950 to 2015, with the exception of TV series, talk shows, animation, short and adult movies. We perform our analyses for different periods of time defined by a time window of 5 years starting from 1950-1954. Within each selected time interval we construct a bipartite network considering movies released in that period and all actors that played in these movies. As for the previous system, our analysis is performed on the largest connected component observed in the considered period. The bipartite networks are projected into the movie side. The results of our investigations are summarized in Table  I. Each row of the table refers Table I ).
For each period of time and for the Full, the Bonferroni, and the FDR SVNs we have obtained 1000 output partitions by using the Louvain algorithm with different initial conditions. To evaluate the differences observed between pairs of partitions obtained we compute the ARI among the 10 partitions of the 99 percentile of the 1000 best outputs. The average value of the ARI is reported in the sixth, seventh, and eight column of Table I for the Full, Bonferroni, and FDR networks respectively. The values of the ARI are always above 0.9 for all types of networks suggesting that for this database modularity optimization of the Full network is providing quite reliable results in most cases. In fact, values of the ARI lower than 0.97 are observed only for the last three time pe-riods. The partitions obtained with the SVNs networks are most stable than the partitions obtained from the Full network in most cases. Also in this case SVNs are detection cores of communities. This conclusion is also supported by the observed values of AWI between the Bonferroni and the Full network (nineth column of Table I), and between the FDR and the Full network (tenth column of Table I ). In both cases the AWI is very close to one for all time periods except the last three ones when the modularity optimization of the Full becomes a bit less reliable.
Also for the IMDB bipartite networks of the period 1990-1994 we put additional noise in the bipartite network as we did with our artificial benchmark and with the co-authorship database. In panel (a) of Fig. 6 we show the average value of the ARI between 100 partitions of the Full obtained for values of p r ranging from 0.05 to 0.3 and the best partition G0 observed in the absence of noise. In the same panel we also show the results of an analog investigation performed for the Bonferroni and FDR SVNs. The partitions obtained from FDR SVNs are for a large interval of p r significantly more similar and therefore more robust to noise that the ones obtained by performing community detection in the Full network. In panel (b) of Fig. 6 we show the AWI for the same investigations. Again the AWI is close to one for the partitions of the SVNs supporting once again the conclusion about the high degree of precision of the method in the detection of cores of communities. As for previous cases, by combining the two information we conclude that the decreasing values of the ARI with the uncorrupted partition G0 for the Bonferroni and the FDR SVNs is not due to a decrease of precision but rather it is due to a decrease of accuracy of the SVN method.
VII. CONCLUSIONS
We have shown that information present in a bipartite network can be used to detect cores of communities (i.e. clusters) of each set of the bipartite system. The detected cores are highly stable and the detection of them is highly precise although the methodology can, in same cases, be of low accuracy. The cores of communities are found by considering statistically validated networks obtained starting from the bipartite network. The information carried by these statistically validated network is therefore highly informative and could be used to detect membership of the investigated set that are robust with respect to the presence of errors or missing entries in the database. The usefulness of the statistical validation approach can be assessed by using a measure of similarity between pairs of partitions that are obtained by a stochastic community detection algorithm and that differ between them only for a tiny value of the quality function of the algorithm. Here we use the ARI. the ARI between them one should consider informative only those subsets of partitions that are statistically stable. We propose that in these cases investigators focus on cores of the partitions obtained by performing community detection on SVNs. In the present study we have considered an algorithm based on modularity optimization but we believe that our results are general and not strictly related to the chosen algorithm. They should be valid for any algorithm based on the maximization of a quality function. 
